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Out-of-plane conductivity for quantum wells in a parallel
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Abstract. The out-of-plane static magnetoconductivity σ⊥ is calculated as a function of temp-
erature for a single quantum well and a double quantum well in the presence of a parallel magnetic
field. The effects of the extended states above the top of the potential barrier are included in the
calculations of the temperature dependence. The electron tunnelling between wells is shown to
enhance σ⊥ as the temperature is increased. At low temperatures (T � TF ), the variation of σ⊥
with temperature is determined by the electron density.

1. Introduction

In a double-quantum-well (DQW) structure, the tunnelling between the two parallel two-
dimensional electron gas (2DEG) layers introduces several interesting features in the cyclo-
tron resonance [1] and magnetoplasmon excitation spectrum [2, 3] as well as the electrical
transport [4], all of which have no counterpart in a single 2DEG. For example, in the far-
infrared experiments of Arnone et al [1], it was shown that the cyclotron resonance transitions
in the presence of a parallel magnetic field reveal anticrossing between the Landau levels
associated with different subbands of strongly coupled 2DEGs. The dispersion relations for
strongly coupled quantum wells with tunnelling have an in-phase (symmetric) and an out-
of-phase (antisymmetric) plasmon mode. The effect due to tunnelling could of course be
adjusted by varying the thickness of the barrier layer separating the two quantum wells. As
reported recently, the role of tunnelling has also been demonstrated in theoretical calculations
of the magnetoplasmon excitation for a magnetic field perpendicular to the 2DEG layers (see
reference [3] and references cited therein). In a series of papers, Simmons et al [5–7] and
Lyo [8] have reported on experiments on the conductivity and cyclotron resonance for DQW
structures when a magnetic field is applied parallel to the 2D planes. In reference [6], the
magnetic field B‖ is in the z-direction, the electron gases are in the y–z plane, and the electric
field E makes an angle θ with B‖. The component of the current j in the direction of E

yields the in-plane magnetoconductivity j · E/E2 which exhibits several novel phenomena
due to anticrossing of the electron energy dispersion bands of the two QWs in the presence of
an in-plane magnetic field [8]. Resonant tunnelling experiments have also been reported for
DQWs in a parallel magnetic field [9]. These experiments show the effect due to tunnelling on
the current–voltage characteristics. Zheng and MacDonald [10] have calculated the magnetic
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field dependence of the low-temperature tunnelling conductance for a DQW structure in a
parallel magnetic field.

In this paper, we are interested in calculating the static conductivity σ⊥ for a single quantum
well (SQW) and a DQW with the magnetic field in the plane of the 2DEG. In our calculations,
we determine the tunnelling conductance over a wide range of temperature and include the
extended states above the top of the well in addition to the confined states within the well since
the contribution to the conductivity from the higher-lying states cannot be neglected at finite
temperature.

2. Energy eigenstates

Let us first consider electrons moving in the y–z plane in a magnetic field B‖ parallel to the
z-axis and a one-dimensional potential Uext (x). In the Landau gauge with vector potential
A = (0, B‖x, 0), the Schrödinger equation for an electron with effective mass m∗ has the form[
− h̄2

2m∗
∂2

∂x2
− h̄2

2m∗
∂2

∂z2
+

1

2m∗

(
−ih̄

∂

∂y
+ eB‖x

)2

+ Uext (x)

]
ψjk‖(r) = Ej (k‖)ψjk‖(r)

(1)

where j is a quantum number labelling the subbands and k‖ = (ky, kz). We note that for a
symmetric potential with Uext (−x) = Uext (x), for x → −x the Hamiltonian in this gauge
is invariant under B‖ → −B‖. For equation (1), we write the wave function in the form of
ψjk‖(r) = φjky

(x) exp(ikyy + ikzz)/
√

A, where A is the cross-sectional area of the 2DEG, and
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= √
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where Ej (ky) = Ej (k‖) − h̄2k2
z /2m∗, ωc = eB‖/m∗, and �H = √

h̄/eB‖ is the magnetic
length. When Uext in equation (2) is a constant, we have the standard equation for parabolic
cylinder functions [11, 12]. Subsequently, for the DQW, the general solution of equation (2)
can be expressed in terms of two linearly independent parabolic cylinder functions Dν(ξky

)

and Vν(ξky
) [13], where ν = [Ej (ky) − E0]/h̄ωc − 1/2, with E0 = 0 or V0 in the well or

barrier region, respectively, of the QW.
In figure 1(a), we present results for the scaled energy eigenvalues ν0 = Ej (ky)/h̄ωc −1/2

in a SQW, obtained by solving equation (2), as a function of the parallel magnetic field B‖. Here,
we take k‖ = 0, and use the parameters appropriate to GaAs/AlGaAs, i.e., m∗ = 0.067 me

where me is the free-electron mass. The well has zero potential for −a < x < a and we take
the well width 2a = 200 Å, and the height of the barrier outside the well is V0 = 213 meV.
In figure 1(b), we display the energy eigenvalues in the SQW as a function of ky for a parallel
magnetic field B‖ = 4 T and kz = 0. All the other parameters for the quantum well are the
same as for figure 1(a).

In figures 2(a) and 2(b), we plot the scaled energy eigenvalues ν0 = Ej (ky)/h̄ωc − 1/2
in a DQW by solving equation (2) as a function of the parallel magnetic field B‖ and the
wave vector k‖, respectively. Each well has width 2a and the barrier between them is defined
by −b/2 < x < b/2. In the region x1 < −(2a + b/2), the barrier has height V0. In the
second region −(2a + b/2) < x < −b/2, there is a quantum well with E0 = 0. In the region
−b/2 < x < b/2, there is a potential barrier with E0 = V0. For b/2 < x < (2a + b/2),
there is a quantum well with E0 = 0, and for x > (2a + b/2), there is a barrier with E0 = V0.
Here, we consider GaAs/AlGaAs and choose m∗ and 2a to be the same as for figure 1; the
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(a)

(b)

Figure 1. (a) A plot of the lowest, scaled energy eigenvalues ν0 = Ej (ky)/h̄ωc −1/2 as a function
of B‖ for a single quantum well. We chose ky = 0, m∗ = 0.0667 me , where me is the free-electron
mass, the barrier height V0 = 213 meV, and the well width 2a = 200 Å. (b) A plot of ν0 as
a function of ky for a single quantum well. We chose B‖ = 4 T ; m∗, V0, and 2a are the same
as for (a).

width of the barrier between the wells is b = 20 Å, and the barrier height is V0 = 213 meV.
In figure 2(b), we plot the ky-dispersion for fixed B‖ = 4 T and kz = 0. The plots of the
energy eigenvalues as functions of B‖ and ky in figures 2(a) and 2(b) show the anticrossing of
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(a)

(b)

Figure 2. (a) A plot of the scaled energy eigenvalues ν0 = Ej (ky)/h̄ωc − 1/2 as a function of B‖
for a double quantum well. Here, ky = 0; m∗ and the well width 2a are the same as in figure 1. We
also choose b = 20 Å and V0 = 213 meV here. (b) A plot of ν0 as a function of ky for a double
quantum well. We chose B‖ = 4 T ; m∗, b, V0, and 2a are the same as for (a).

the originally degenerate energy levels of the two QWs due to tunnelling in the presence of a
magnetic field. The extended states above the top of the quantum well are clearly shown in
figures 1 and 2. The anticrossing of the energy dispersion curves due to tunnelling between
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QWs has been discussed by several authors (see, for example, reference [8]).
The energy spectrum for electrons in a superlattice in a parallel magnetic field has been

discussed in the experimental work of Belle et al [14] and Maan [15] and in the theoretical
paper by Brey et al [16], dealing with tunnelling in parallel magnetic fields. Some calculations
making use of these results for the electron spectra of multi-quantum-well structures in parallel
magnetic fields should be carried out to examine the role played by varying electron density
and wave-function hybridization on the conductivity as the temperature is varied.

3. Out-of-plane electrical conductivity

Making use of the Kubo formula, the diagonal parts of the static conductivity at finite temp-
eratures T are given by [17]

σµµ =
∫

dE

[
df0(E)

dE

]
σµµ(E) (3)

where f0(E) is the equilibrium Fermi–Dirac distribution function and

σµµ = − h̄e2

A

∑
α,α′

|V µ

αα′ |2Aα(E)Aα′(E). (4)

In this notation, the spectral function Aα(E) = π−1 � G−
α (E) where G−

α (E) = [E − εα −
+−(E)]−1 with an effective self-energy determined by the self-consistency equation

+−(E) =
∑
α,α′

U 2
αα′G

−
α (E). (5)

Also, Uαα′ is a scattering matrix and α, α′ stand for the labels j, k‖ of the energy eigenstates.
In the zero-temperature limit, −∂f0(εα)/∂εα is replaced by δ(εα − µ), so only the states with
energy equal to the chemical potential contribute to the conductivity in equation (4) in this
limit. The νth component of the velocity V = (−ih̄∇ + eA)/m∗ matrix element is written as
V ν

αβ . Setting µ = x and ν = x, we obtain the static out-of-plane conductivity σ⊥ = σxx which
depends on

V x
jj ′(ky) = −ih̄

m∗

∫
dx φjky

(x)
∂

∂x
φj ′ky

(x). (6)

We take a simple approximation for the self-energy:

+α(E) =
∑

α′
U 2

αα′Gα′(E). (7)

Setting the scattering matrix Uαα′ = U , independent of the band index, the self-energy
then becomes independent of the subscript α. Let +−

α (E − i0+) = M(E) + i0(E). Then
with εα = Ej (k‖) = Ej (ky) + h̄2k2

z /2m∗, the kz-integration in equation (7) can be done
analytically. Taking U 2 = 200h̄

2/(Am∗), where A is the cross-sectional area, we obtain after
a straightforward calculation
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 (8)

where +(E) = E − Ej (ky) − Zjky
(E) and the energy in equation (8) is measured in meV. For

a given density, n2D for the 2DEG is n2D = ∫
dE f0(E)D(E) where D(E) is the density of

states.
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We now present numerical results for the out-of-plane conductivity σ⊥ of the SQW and
DQW in a parallel magnetic field. In figure 3, we plot σ⊥ as a function of temperature for a
fixed in-plane magnetic field B‖ = 2 T and a sheet density of n2D = 2.0×1011 cm−2; the Fermi
temperature is TF = 83 K. In these calculations, all the energy eigenvalues obtained by solving
the Schrödinger equation (1) were employed. The results show that in the low-temperature
range, σ⊥ is almost the same for both the SQW and the DQW and σ⊥ ∼ T −1 like for a metal.
As the temperature is increased, σ⊥ rises more rapidly for the DQW compared with the single
well. Figure 4 is a plot of σ⊥ with B‖ = 2 T but for a smaller density n2D = 1.0 × 1010 cm−2;
these results show that at low temperature (T < 0.2 K), the behaviour of σ⊥ for the SQW
differs from that for the DQW. When the density is fixed but the magnetic field is reduced from
B‖ = 2 T to 0.5 T, σ⊥ increases more rapidly with temperature for the smaller magnetic field
for either the SQW or the DQW when T � 20 K, but below this temperature the curves are
almost the same. When the width of the barrier between the QWs is decreased, the tunnelling
is reduced and the value of σ⊥ is decreased for a fixed magnetic field. Tunnelling between the
QWs thus enhances σ⊥. At low temperatures, the variation of σ⊥ with density is consistent
with the fact that the kinetic energy dominates the potential energy when the electron density
is increased. Also, the relative importance of many-body interactions depends on temperature.
This is why at low temperatures the variation of σ⊥ is determined by the electron density. In
figure 5, we plot σ⊥ for a DQW with B‖ = 2 T and a density of n2D = 1.0 × 1010 cm−2, the
same as for figure 4. The purpose of this figure is to demonstrate the role played by the states
above the top of the barrier, as the temperature varies.

Figure 3. σ⊥ = σxx (in units of e2/h) is plotted as a function of temperature for a single quantum
well and a double quantum well with B‖ = 2 T and n2D = 2.0×1011 cm−2. The electron effective
mass is m∗ = 0.0667 me , where me is the free-electron mass. The barrier height is V0 = 213 meV
and the well width is 2a = 200 Å. The separation between the two wells for the DQW structure is
b = 20 Å and the scattering matrix U = 3.0 meV.

The metal–insulator transition in a 2D hole gas, as the density is varied, has been reported
recently [18–20] at B = 0 for 2D systems, as evidence for the existence of a metallic state
in 2D systems with low disorder. In these experiments, it is the in-plane conductivity which
is measured. Experiments on high-mobility silicon inversion layers [21] have also shown a
transition from insulating to metallic behaviour as the carrier density is increased, characterized
by an exponential decrease in resistance as temperature is reduced. The results that we have
presented in this paper for the out-of-plane conductivity of the double-QW structure show that
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Figure 4. As figure 3, but for n2D = 1.0×1010 cm−2.
The inset is a magnification of the results at low
temperature with the solid line corresponding to the
single quantum well and the dashed line to the double
quantum well.

Figure 5. Comparison of the results for σ⊥ for a DQW (1) when the states above the top of the
barrier are included and (2) when these states are neglected and only the confined energy states
are included in the calculation. The magnetic field B‖ = 2 T and n2D = 1.0 × 1010 cm−2. The
electron effective mass is m∗ = 0.0667 me , where me is the free-electron mass. The barrier height
is V0 = 213 meV and the well width is 2a = 200 Å. The separation between the two wells is
b = 20 Å and the scattering matrix U = 3.0 meV.

in a parallel magnetic field the behaviour of the conductivity as the temperature is decreased
depends on the carrier concentration. There has been no equivalent observation for the strongly
coupled 2D systems but the results reported here for σ⊥ show that the transition from metallic-
like to insulating behaviour also has an interesting dependence on the electron density. The
additional inter-layer electron–electron scattering introduces phase incoherence in strongly
coupled QWs making it possible for σ⊥ to reveal these interesting transport properties.

4. Concluding remarks

In conclusion, we have calculated the dispersion relation for the energy eigenvalues in a SQW
and a DQW system in an in-plane magnetic field. For the double quantum well, the energy
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eigenvalues include tunnelling between the quantum wells, and display the anticrossing features
for the energy dispersion curves for the two QWs. The out-of-plane conductivity was calc-
ulated as a function of temperature. The higher-lying states are important in these calculations
because at finite temperature the Fermi distribution function picks up a contribution not only
from the confined states within the QW but also from the states above the top of the barrier.
We show that in the low-temperature regime, the behaviour of σ⊥ at high density differs from
that at low density.

There has been no experimental work reported so far in the literature on the metal–insulator
transition, for coupled 2DEG layers. Strongly coupled QWs differ from an isolated well in
the additional inter-layer electron–electron scattering which introduces phase incoherence. In
the work by Kravchenko et al [21] a very interesting change in scattering occurs as the density
is varied, but at low temperatures the resistance saturates and the log corrections return and
all states are localized. We hope that the work reported here will stimulate experiments on
coupled 2D systems in a parallel magnetic field.
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